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Abstract 

In the framework of a recently proposed extension of the Standard Model, with N = 1 Super- 
Symmetry in 5 dimensions, compactified on R^/Z2 x Z2, we compute the muon anomalous magnetic 
moment at one loop to order (Mvi/i?)^, where R is the compactification radius. We find the correc- 
tions to be small with respect to the SM pure weak contribution and not capable of explaining the 
present discrepancy between theory and experiment for any sensible value of R. 
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1 Introduction 



Models with extra (space) dimensions often fail to produce quantitative predictions for physical observ- 
ables and, as a consequence, can hardly be ruled out or confirmed by present energy experiments. On 
the other hand, in a model was proposed where calculability is achieved for a number of physical 
quantities. In fact, in spite of the non renormalizability of 5 dimensional Yang-Mills theory, they are 
finite and cut-off independent, owing to the underlying supersymmetric structure. The insensitivity to 
ultraviolet physics of such observables is one of the main goals of the model. The branching ratio of 
B Xs^ and the Higgs production via gluon fusion have already been computed, while in the 
present paper we deal with the muon anomalous magnetic moment a^. 

The measurement of is one of the most stringent tests for "new physics" scenarios, thanks to 
its current impressive precision. Moreover, the recent results of E821 experiment at BNL [Q] have 
highlighted a discrepancy with the present Standard Model prediction and have therefore made even 
more interesting the comparison with reliable predictions made by new models. In particular, attempts 
have been made in order to study the effect of extra space dimensions [|[. 

Let us briefly review the present status of the SM prediction |6|. The QED contribution has been 
computed up to order and it gives the core of the experimental value: a^^^ — (11 658 470.0 ± 
0.3) • 10~^^. The purely weak terms are also known with a small uncertainty, up to two loops: d^^^^ = 
(15.1 lb 0.4) • 10~^^. On the contrary, hadronic loop corrections provide relevant contributions but also 
carry the greatest theoretical uncertainty 0. In fact, since it is quite hard to deal with low energy 
QCD, experimental inputs are also needed. Light-by-light scattering yields o}^^ — —(8.6 ± 3.2) • 10"-*^^ 
and hadronic vacuum polarization a"^^ = (684.9 ± 6.4) • 10-^°. Summing up all these contributions and 
uncertainties, the SM prediction is: 

a^^^ = (11 659 162.0 zb 7.5) • 10"^^ 
On the other hand, the present world average for the experimental value (including BNL results) is [^: 

a^^^ = (11 659 202.3 ± 15.1) • 10"^^ 
This leads to a discrepancy a bit larger than 2a: 



<^ - S = (40-3 ± 16.9) • 10-^^ (1) 

Actually, this result is not well established. On the theoretical side, recent results [|[ claim that the 
light-by-light contribution has opposite sign, thus reducing the discrepancy to about la. At the same 
time, the error on the experimental value should be improved by further results at BNL. 

In this work we compute the corrections Aa^ to the anomalous magnetic moment due to the new 
fields in the theory, up to order {MwRY where R is the compactification radius of the 5^^ dimension. 
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2 The model 



In this section we briefly summarize the main features of the model [||] we are working with. It is a 5D 
theory with N=l supersymmetry, compactifled on ^ ITL2 x and the gauge group is the Standard 
Model one: 5^7(3) x SU{2) x U{1). The flelds content is made up of the vector hypermultiplets and a 
matter hypermultiplet for each SM matter fleld Q, D, L, all living in the bulk. 

From a 4D point of view, a matter hypermultiplet splits into a pair of chiral supermultiplets with 
conjugate quantum numbers (property that we indicate with a while a vector hypermultiplet splits 
into a vector and a chiral supermultiplet. Under the orbifolding, global supersymmetry is completely 
broken d la Scherk-Schwarz, leaving the SM flelds as the only zero modes. Anyhow, restricted local 
supersymmetric transformations still hold. The most general Lagrangian, according to this set of 
symmetries (gauge group, orbifold parities and local supersymmetry), is: 



C{x, y) = C5 + 6{y) U + ^(y - 7ri?/2) C!^ (2) 

where C^'y^N —\ supersymmetric in 5D whereas £4 and £4 are 4D lagrangians invariant under different 

= 1 supersymmetries valid on the flxed points of the two parities. To be consistent with ref. 
we will write all hypermultiplets in terms of supermultiplets of the 4-dimensional N=l supersymmetry 
located on the brane ^ = 0. So, the gauge vector and matter hypermultiplets are: 

(W^,A)® (A',E = -^(a + iVF5)) 

(^x,</'x)e(Vx,</'x) 

Under the two parities all the fields have definite transformation properties, given in Table [l| together 
with the corresponding eigenfunctions and the spectrum of every tower of Kaluza-Klein states. 
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Table 1: Gauge, Matter and Higgs fields content of the theory with their orbifolding properties 

In 1 10] it is shown that in the model under consideration the hypercharge current has an anomaly, 
which is localized on the two branes. A relevant feature is that, from a 4 dimensional point of view, the 
integrated anomaly vanishes. Gauge invariance can however be recovered with a suitable modification of 
the theory. The overall consistency of the model modified by the addition of a Chern-Simons term, for 
instance, is currently under examination. Such modifications, however, should not affect the calculation 
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presented in this paper, since anomalous contributions only enter at higher order. 



The terms in the 5D action, that are relevant for the following calculation, are: 



S ^Jd^x 



--TtFmnF 



MN 



Tr 



'.)\V^<I)x) + {Vm<I)\ 



)t(P^03,) + V25(5) 



+{T^M9x 

+v^5(5) [V'x^Vx + <^x^Vx + i^x^i^x + h.c] + 

+Ky - 2 V '4'L^e4'hO + '4'L'4'HO<f>E + ^Ei'HO(t)L + 
-ii'ui'E<f>^H+ + ^•^^h+<Pe + i^Ei^H+€^)] } 



<t^x^^x 



+ 



(3) 



where the fermionic fields are Weyl spinors, the gauge fields VFm, A, A' and a contains the group 
generators, e.g. A = A^T^ (the generators being normalized according to Tr(r^r^) = 5^^) and the 
index X can run over L, H. The gauge coupling g is intended to be the Uy(1) coupling or the 
SUlC^^) coupling g according to the gauge fields involved. 

From now on, for the four gauge hypermultiplets we use the notation: 



QED (Ap,7,7„E^) 
W's {W^,w^,wt,^t) 

(we remind that, also in this case, the subscribed c only means that the second spinors have conjugate 
quantum numbers). 

2.1 Mass Eigenstates 

The brane interactions introduce mass mixing among the states of muon and smuon KK towers: since it 
will be useful for our calculation to work with the mass eigenstates, we proceed to determine eigenvalues 
and eigenvectors from the very beginning (see e.g. the discussion in p). For the fermions, the mass 
eigenvalues turn out to be: 

mo = m=—, m^=m±— (n=l,2, ...) 

corresponding to mass eigenvectors whose Weyl spinor components we denote by (/xq? Mo) if^n^ 1^^^^ 
Thus m is the mass of the ordinary muon. For the scalars: 

m± = ^^^^^±m (n = l,2,...) 



n 



corresponding to eigenvectors and . 
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The interaction eigenstatesQ are expressed in terms of the mass eigenstates (at order e) by 

fpL,o = ^io + e^^{^i^ - n~) (4) 



2n 

n 



with /^/^ = (2/)2-(2n)^ "^^^ ~ (2/-i^)2^-(2n-i)^ ' ^^^^ for n = /. Expressions which are identical to 
(I). (H). (I) hold for (^£;,o, ^£;,n, ^l.n) if (m, Mn) are replaced by (//g, //^^); for (0^, 0^;) it is sufficient 
to replace with in equations (|^, (P). 

2.2 Couplings to the mass eigenstates 

Starting from eq. (|3|), one has to integrate out the 5^^ dimension y and rewrite the interaction vertices 
in terms of the mass eigenstates (@)-(|8|). Taking into account momentum conservation along the 5*^ 
direction, p^, the bulk interactions give rise to several trilinear vertices. The muon masses and Higgs 
vertices, on the other hand, being located on the brane, violate p5-conservation and are proportional 
to e. As we are interested in 0{R^) contributions, only graphs where the internal lines carry the same 
index n, in terms of the mass eigenstates, have to be taken into account. This simplifies the calculation 
of the relevant vertices. As an explicit example, the interaction terms between KK photons and the 
various components in the muon towers, in the mass eigenstate basis, are: 

e — c el 

In this particular case, summing up the two contributions, the couplings of order e vanish, so that the 
net result is: 



^Note that in this paper the brane lagrangians £4 and £4 are reversed respect to ref For more details, see appendix 
A in i. 
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(9) 



This allows to recognize e/\/2 as the correct coupling with a KK photon. 

On the other hand, the interactions of the zero mode gauge bosons are still diagonal in n and have 
a universal coupling, e.g. e = e(5)/V27ri? for the photon. Note that this relation holds for all gauge 
couplings, so in the following g — ^(5)/v27i\R is the 4D gauge coupling, while s — sinOw and c = cos^vi^ 
are functions of the usual SM Weinberg angle. 



3 Calculation of 

The effective Lagrangian term which fixes the notation for the anomalous magnetic moment 
(5^ - 2)/2 is: 



Z6 



(10) 



In the Feynman-'t Hooft gauge = 1, see below), one can identify the five general types of diagrams 
in fig. |l|, each giving a contribution Aa^ whose explicit expressions are listed in app. A. 




-1— ^ 
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Figure 1: General patterns of graphs contributing to the {g — 2). 



As in the following we will distinguish between diagrams with chirality flip on the external or internal 
fermionic line, in eq. (51)-(|5^ it is easy to trace back the external cross contribution and the internal 
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cross one (the latter proportional to rrif/m). On the other hand, in graph V the chirality flip is provided 
by the only scalar interaction with the fermion. 

3.1 QED 

In this section we consider all the diagrams involving QED hypermultiplet fields. The one loop Standard 
Model contribution ||ll[] simply comes from graph IV with a massless photon in the loop, with = 
9- = e: 



°2 = 2i <"> 

3.1.1 KK vectors 

The interaction lagrangian for KK photons has been displayed in (|9|) and the graphs are of type IV. 
As a general rule, dealing with the diagrams involving KK fields, it is useful to separate the external 
and internal cross contributions. This is motivated by the fact that in the latter case it is necessary to 
use couplings and loop masses at order e while in the former is enough. The following sketched 

diagrams are drawn in terms of Weyl fermions and the emitted zero-mode photon is implicitly attached 
to any internal charged line. The states in the loop are KK modes of the field indicated, always carrying 
the same index n for the reasons explained above. The resulting Aa^, for a given internal KK state, 
are: 



1^0 — » "^^^^ — ^ 16^ (2^ J ^^^''^ ~ "^^^ ~ ^^''^ ~ ^"^^ ^^^^ 



^0 ^ 1^ (^F Z'^"' ^^""^^ " ~ ^^""^^ ~ ""^'^ ^^^^ 



and the trivial integration over the Feynman parameter x is left explicit in order to discuss supersym- 
metric cancellations (see below). 

3.1.2 Scalars 

The gauge scalar field mixes mode by mode with the massive vector Ap. Including also the mass 
term for the gauge scalar cr^, the mass lagrangian, for each mode n, is: 
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C^. = -a,A^('^A,)-l[^)\^-^^[0,A'-i?^A,y (14) 

where the gauge fixing term is there to cancel the mixing terms. It is convenient to work in the 
^ = 1 gauge: we obtain a photon propagator with no longitudinal modes and two scalars and 
(with equal mass) that can be combined in the complex scalar S^. The interaction terms are then: 



V2e {^%^^^E + ^L^^^L + h.c) (15) 

so that at the relevant order in e, only an external cross graph is possible. Equivalently, in terms of 
the real scalar fields it happens that the internal cross diagram with an field is cancelled out by the 
same diagram with a a^. The external cross diagram is of type // so that the resulting Aa^ is 



e2 e2 



167r2 (2n)2 



dx [4a; (1 



(16) 



3.1.3 Fermions 

The gauge fermions 7 and 7c are mixed by the kinetic term along the 5*^ direction. They are involved 
in the following interaction terms 



^ n ' ^ n 



-V^eM07n^{($t--e) + ^ 



(17) 



and in similar expressions (replacing $ with for the interactions of /Xq with 7^ and fi^ with 7^^. 
From graph //, one gets 



)W0 



e2 e2 



167r2 (2' 



n 



j dx [4x( 



l-xY\ X 2 



(18) 
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167r2 (2n - 



Jdx [8x{ 



l-xY\ X 2 



(19) 



1^0 



3.1.4 Total QED contribution 

First of all, in order to test the computation, we consider the supersymmetric limit in which both 
fermions and bosons have the same parities and therefore the same bulk mass. In this case, we find 
that the total contributions of the KK modes vanishes, as expected. Of course, the appearance of zero 
modes for the matter and gauge partners also cancels the SM result. 
Then, we collect all the QED contributions and we obtain: 



(20) 



3.2 Neutral Weak sector 

In this section we consider all the diagrams involving Z hypermultiplet fields and neutral Higgs. We 
define 



9L 
9r 



9 



I 9 



The one loop SM result comes from graph IV with a zero mode Z boson and couplings g- 
9+ = -9r- 



= 9l, 



w? 45^ - - 1 



^ 487r2 M| 



(21) 



The discussion for the KK modes mimics the QED case, thus in the following we only point out the 
differences. 



3.2.1 KK vectors 

The interaction lagrangian consists in 
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where: 



M0^P^{jlMn + Jl/^h + Ai0^p^{j>n^ + Jfl/^n + h.C. (22) 



j1 - 5l + ^ (5l + 9r) -Sn-^^ ian + 9l) ^^^^ 



The two Aa^ then amount to 



^± 1 /* 



1^0 



167r2 (2n)2 



^L^i? + ^{9L + gnf ) 8x(l - x) 



(25) 



3.2.2 Scalars 

With respect to the QED case (|l^, the lagrangian for scalar fields is a bit more comphcated, involving 
also mixing terms with (/^/fo, the imaginary part of ^/fo. With the gauge fixing piece already included, 
the lagrangian for each mode n is: 



'2n 



2n 
~R 



1 



2C 



,Ml^lo - \ (I) 4 

dpZP-^l^-^Z^-Mz^H^\ 



(26) 



Vector-scalar mixings are again cancelled and, for ^ = 1, there are no off-diagonal terms (fj^oZ^, so the 
three real scalars cr^, Z5, (fj^o are the mass eigenstates. The first two combine in the complex field T^z 
in terms of which, at the relevant order in e, only the external cross graph is possible: 
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/«0 



167r2 (2n)2 



J dx{gl + gl) 2x{l - xf (27) 



3.2.3 Fermions 

The mixing matrix for the four neutralinos z, z^, ipH°, V'/fOi for each mode n, is: 



2n-l 



They are involved in the following interaction terms: 



Mz W V' 



HO 

Zc. 



+V^/igi„-^|5L ^ 5i? and $ ^ $'^| + 



2(2n - 1) 

+\/2;^o5n-;^|5L ^ and $ ^ ^^^j + 

+2^ {/^0^(*n + + A^O^(*n- + ^t)\rH,. 

The external cross graphs are readily computed: 



(28) 



(29) 



Mo 



Mo 



Mo 



Mo 



167r2 (2n - 



J dx{gl + ^1) 2x(l -xfx2 



(30) 



and it is possible to write three internal cross diagrams, using also the off-diagonal propagator in eq. 
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1^0 J- B f^O 



r2 

167r2 (2n" 



-—-^ J dx [{gl - ^|)2x(l - x) + gL9R8x{l - xf] (31) 



A^o r 



£2 



167r2 (2n 



^ y [{gj^ - gl)2x{l - x) + ^l^/^8x(1 - x)^] (32) 



.8 ^---j /^o ^ -^2j2^^2 j d^^^^^^^ (33) 



^^0 



3.2.4 Total neutral weak contribution 

Again, as in case of QED, one can check that in the super symmetric hmit, discussed above, the con- 
tribution of the KK modes vanishes. Moreover, in the hmit gL — —gn = e, the QED results are 
recovered. 

Then, we sum up ah the results of the neutral weak sector and obtain: 

Aaf = -^(mRf^ + — (34) 

3.3 Charged Weak sector 

In this section we consider all the diagrams involving hypermultiplets fields and charged Higgs. 
The SM result ||13[ comes from graph ///, where the loop contains a zero mode W boson and a neutrino 
and g^ g/V2, g_ 0: 



^ 96^2 



3.3.1 KK vectors 



The interaction terms involving the KK vectors are quite simple 

■j=W^ /iOC7pV^.,n - ^^^n ^^0<^pi^u,n (36) 

and the external and internal cross diagrams are readily computed using graph ///: 
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W: 



1^0 



167r2 (2n)2 



J dx{l-xf{x-3/2) 



(37) 



w- 




9' 



167r2 (2n)2 J 2 



/ 



dxl{l-xf 



(38) 



There also are diagrams of type V. The only nonvanishing one has a Higgs scalar, since the contri- 
butions of and aw cancel out: 




9' ^2 

167r2 (2n)2 



dx (1 — x)^ 



(39) 



3.3.2 Scalars 

The gauge fixing procedure works as in the Z's case: the interaction lagrangian terms only allow for an 
external cross contribution: 




9' 

167r2 (2n)2 



jdxx^l-x) 



(40) 



3.3.3 Fermions 

The charginos w~ ^ w~ ^ i^H+^ each n according to: 



2n-l 



^mass (^if + , *c ) 



R 

-V2Mw 



V2M^ 



w 



2n-l 
R 



wjw^ 



(41) 
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They enter the fohowing interaction terms 



2{2n - 1) 
e 



2(2n - 1) 



2m 



The external cross diagrams are of the usual form 



(42) 



)W0 




167r2 (2n 



-1 \ 9 / ( 

1)^ J 



1-x) 



(43) 



and there are three internal cross diagrams with propagators {w~^)^ — '^^'^ 



> iu!c )'^— and (w" 



/ 167r2 (2n 



— jdx{l~xf (44) 



''o r-"""^^""""" -TT-TTT^ TT^ / (1 - x)^ (45) 



167r2 (2n 



3.3.4 Total charged weak contribution 

Again in this case, we correctly find that in the supersymmetric limit the sum of the KK states contri- 
butions vanishes. 
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We then gather ah the contributions of the charged weak sector into the result: 



^< = (47) 



^ 167r2' ' 6 12 

3.4 Result to leading order in {MwR)^ 

Collecting all partial results (H), (|3|) and (|^) we have: 

Aaf^ = -^^ ^ ^ — (M^/i? 2 (48) 

192 M2, 12c2 ^ ^ ^ ^ ^ 

Numerically, for 1/i? = 370 ± 70 GeV , it is 

Aa^^ = 0.07 . a-'^ = -(1.1 1°;^) • lO'^^, 

which means that, for any sensible value of R (see [Q), Aa^^ is well inside the uncertainties that 
affect the SM prediction. 

4 MwR corrections 

In the previous section, we have neglected the ElectroWeak Symmetry Breaking in the masses of the KK 
modes for the gauge fields, since this was enough to get eq. (^). However, in this way we are neglecting 
contributions that in principle can be quite relevant, since the dimensionless expansion parameters M\yR 
or MzR can be as large as 1/3. In this chapter we estimate these contributions. They are recovered 
if the full gauge fields masses are kept in the denominators of eq. (|5l|) -(^5|), so the corrections to our 
previous results can be expressed in a simple way. Of course, these corrections only apply to the pure 
weak sector. 

To begin with, let us focus on the neutral weak sector. First of all, what we have to do is to study 
the exact spectrum: defining the dimensionless parameter C, — MzR, for every n there is a vector boson 
Z/j, whose full mass squared is (2n)^ + C^? ^^i^ of 1/R^. The scalars fields masses are determined 



from eq. (|26D : the n^^ KK mode of has mass squared (2n)^ + C^, while, for the real field (fn^, it 



3 

has mass squared (2n)^ + For the neutrahnos, diagonahzation of eq. (|28|) shows that there are 

two degenerate states with mass squared (2n — 1)^ + C^. The rest of the computation proceeds as in 

the previous section. To get the modified results, it is sufficient to substitute the sum 7^ - — — in eqs. 

^-^ {2nY 

(H, (H), (H), with: 

V- 1 ^ 

or 



where N — 2n for bosons and = 2n — 1 for fermions. The first is the one to be used in all external 
cross diagrams, while for internal cross ones the formulae are a bit more involved. To be specific, in the 
case of the vectors, eq. (p5|) becomes: 
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167r2 J 



dx 



gigR 



- gign I6x(l - x) 



(2n) 



((2n)2 + C2)2 



With a bit of algebra, all contributions can be recast in a common form and the net result is: 



(49) 



Aa 



2 y m 
" 167r2 M2, 



{MwR? {{gl + gl) MO + gigR /2(C)} 



(50) 



where the functions /i and /2 are defined in app. B. This replaces eq. ( p^ , with all corrections to any 
order in [MwR^ included. Numerically, for = 370 ± 70 GeV ^ the result is only about 3% smaller 
than eq. (|3^). In the case of the charged weak sector, the calculation is very similar, so we expect the 
correction to be not so far from a few percent. 



5 Conclusion 

We have performed the calculation at one loop of the corrections to muon anomalous magnetic moment 
coming from the presence of one extra dimension in the model in ref. [Q], to first order in (mi?)^ and in 
{MwRY- We have also shown that the complete calculation in {MwRY yields small deviations, so to 
our purposes the simple analytic form given in eq. (^) is a good approximation. The corrections are 
relatively small, for any sensible value of i?, at the 10% level of the pure weak contribution in the SM, 
and well inside the uncertainties of the hadronic contribution. 

Appendix A 

In this appendix we list the contributions to from the five graphs^ in figure [l|: 



Aaf, = 



Q 



s 2 

m 



f 

Jo 



dx 



-i^2x(l - xf + ^/i+/i_2x(l - x) 
2 m 



J + (1 - x)m^ - x(l - 



xm 



x]m^ 



(51) 



Aa 



Qf_ 

167r2 



Jo 



r/i2 + h't 



dx 



■2x{l 



m 



/i_2(l -x) 



xm\ 



+ (1 



x)m?n 



x{l — x)m? 



(52) 



Similar results can also be found in refs. 



111. 
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^ HI ^ _^^2 



dx 



^±±^2(1 - x)2(2x - 3) + 5+5-^6(1 - 



xm?n + (1 — x)rnl — x{l — x)m? 



(53) 



Aa 



IV 



Qf 2 

-m 



167r2 



(4x(l - 



8x{l - x)) + ^g+g-8x{l - . 



xml + (1 — x)mj — x(l — x)m2 



(54) 



Aa 



Qv 



^ 16^2 



mr / dx{g^h^ + g-h-){l — x)^ 
Jo 



xw?j + (1 ~ x)m2 — x(l — x)m? 



(55) 



where Qsj,v the electric charges of the particles emitting the zero-mode photon and rrisj^v the 
masses in the loop. Note that in eq. (^) we assume rris — rriy. The couplings are defined by: 

sj [h+P+ + h-V-\ n 
ers+WpAP 

where are projectors on the two Weyl components of the Dirac fields. 



Appendix B 

In this appendix we list the functions to be inserted in eq. (^0|): 



/i 



Y K rj^ TV ' 

^ dy 2(C^ - (Vtanh - vry^coth + 2y 



4 1 

+ 



487r5C^ (Li2 {-e-^^) - Lis {e-^^) ) + SSevr^C^ (^Lis (-e'^^) - Lis (e-'^^ 



37r6C8 

+14407r3c3 (^Li4 (-e-<) - Li4 (e-<) ) + 43,2Qtt'^C {^h {-e-'"'^) - Li5 (e"''^ ) + 
+86407rC (Lie (-e"^^) - Lie (e"'''^) ) + 8640 (Lir (-e"^^) - Lir (e"'^'^) ) + 
-427r4C' C(3) + 17145 C(7) 
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( 

4 4 



/2 = ^ % 8(y2 - C2)(3y2 _ 2C2) (vr^/^tanh - vry^coth (^y) + 2y) = 

Stt'C' fLi2 (-e-'^O - Li2 (e-<) ) + ISQtt^^ fUs (-e-<) - Lis {e-i)) + 



+9607r2C^ (lU (-e"^^) - Li4 (e"'^'^) ) + 38407r\2 j^Lig (-6"^^) - Lig (e"^^) ) + 
+86407rC (Lie (-e"^9 " Lie (e"''^) ) + 8640 (^Liy (-6"^^) - Liy (e-'^^) ) + 
+287r4C^ C(3) - OSOtt^C^ ^(5) + 17145 ^(7) 

where C,{n) is the Riemann zeta function, not to be confused here with our variable C, — MzR. In 
the integrals, the hyperbolic tangent is produced by the sum over the fermionic KK states, while the 
cotangent and the "2y" pieces by the bosonic states. 
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